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Abstract. The hypergeometric type operators are shape invariant, and a
factorization into a product of first order differential operators can be explicitely
described in the general case. Some additional shape invariant operators depending
on several parameters are defined in a natural way by starting from this general
factorization. The mathematical properties of the eigenfunctions and eigenvalues of the
operators thus obtained depend on the values of the involved parameters. We study the
parameter dependence of orthogonality, square integrability and of the monotony of
eigenvalue sequence. The obtained results allow us to define certain systems of Gazeau-
Klauder coherent states and to describe some of their properties. Our systematic study
recovers a number of well-known results in a natural unified way and also leads to new
findings.
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1. Introduction
Many problems in quantum mechanics and mathematical physics lead to equations of
the type
σ(s)y′′(s) + τ(s)y′(s) + λy(s) = 0 (1)
where σ(s) and τ(s) are polynomials of at most second and first degree, respectively,
and λ is a constant. These equations are usually called equations of hypergeometric type
[13], and each of them can be reduced to the self-adjoint form
[σ(s)̺(s)y′(s)]′ + λ̺(s)y(s) = 0 (2)
by choosing a function ̺ such that (σ̺)′ = τ̺. The equation (1) is usually considered
on an interval (a, b), chosen such that
σ(s) > 0 for all s ∈ (a, b)
̺(s) > 0 for all s ∈ (a, b)
lims→a σ(s)̺(s) = lims→b σ(s)̺(s) = 0.
(3)
Since the form of the equation (1) is invariant under a change of variable s 7→ cs + d,
it is sufficient to analyze the cases presented in table 1. Some restrictions are imposed
on α and β in order that the interval (a, b) exists. One can remark that the second
derivative σ′′ of σ belongs to {0, −2, 2}.
Table 1. The main cases
σ(s) τ(s) ̺(s) (a, b) α, β
1 αs+ β eαs
2/2+βs (−∞,∞) α < 0
s αs+ β sβ−1eαs (0,∞) α < 0, β > 0
1− s2 αs+ β (1 + s)−(α−β)/2−1(1− s)−(α+β)/2−1 (−1, 1) α < β < −α
s2 − 1 αs+ β (s+ 1)(α−β)/2−1(s− 1)(α+β)/2−1 (1,∞) −β < α < 0
s2 αs+ β sα−2e−β/s (0,∞) α < 0, β > 0
s2 + 1 αs+ β (1 + s2)α/2−1eβ arctan s (−∞,∞) α < 0
In the paper [6] our aim was to analyze together in a unified formalism all the
cases arising by imposing the conditions (3). The systems of polynomials Φl obtained in
this way can be expressed in terms of the classical orthogonal polynomials, but in some
cases we have to consider the classical polynomials for complex values of parameters or
outside the interval where they are orthogonal. The literature discussing special function
theory and its application to mathematical and theoretical physics is vast, and there
is a multitude of different conventions concerning the definition of functions. A unified
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are eigenfunctions of the hypergeometric type operators


















depending on parameters α, β and m. The operators Hm satisfy the relations
Hm − λm = A+mAm HmA+m = A+mHm+1
Hm+1−λm = AmA+m AmHm = Hm+1Am
(6)










In the particular case when α and β are such that ̺ is a power of σ the factorization
(6) allows one to prove that the operators
H˜m = Hm − δ κ′(s) (8)
depending on an additional parameter δ satisfy some relations similar to (6). Certain
results concerning the operators H˜m can be found in [7, 11]. The mathematical
properties of the operators H˜m depend on the involved parameters, and our main
purpose is to investigate this dependence. Our approach is based on the similitude
existing between Hm and H˜m. Therefore, we firstly review certain properties of Hm in
a form suitable for our purpose. If the involved parameters satisfy certain restrictions,
some Gazeau-Klauder systems of coherent states can be associated in a natural way. We
consider the notion of Gazeau-Klauder coherent states in a larger sense. The measure
we use is not positive in all the considered cases. In the resolution of identity, certain
states bring a positive contribution while the others bring a negative contribution.
It is well-known that the hypergeometric type operators Hm and H˜m are directly
related to some exactly solvable Schrodinger type equations including a large number
of potentials (shifted oscillator, three-dimensional oscillator, Po¨schl-Teller, generalized
Po¨schl-Teller, Morse, Scarf hyperbolic, Coulomb, trigonometric Rosen-Morse, Eckart,
hyperbolic Rosen-Morse) and their supersymmetric parteners. Most of the mathematical
formulae occurring in the study of the exactly solvable quantum systems follow from a
small number of formulae concerning the hypergeometric type operators. Particularly,
almost any factorization used in quantum mechanics for a Schrodinger operator follows
through a change of variable [10, 5, 7] from the explicitely described factorization (6).
2. Polynomials of hypergeometric type




l(l − 1)− τ ′l =


−αl if σ′′ = 0
l(l − α− 1) if σ′′ = −2
l(1− α− l) if σ′′ = 2
(9)
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the equation (1) admits a polynomial solution Φl = Φ
(α,β)
l of at most l degree
σ(s)Φ′′l + τ(s)Φ
′
l + λlΦl = 0. (10)
Theorem 1. The function Φl(s)
√
̺(s) is square integrable on (a, b) and
0 = λ0 < λ1 < λ2 < . . . < λl




∞ if σ′′ ∈ {0,−2}
1−α
2
if σ′′ = 2. (11)
Proof. The convergence of the integral
∫ b
a
|Φl(s)|2̺(s)ds follows from the restrictions









[0,∞) if σ′′∈{0, −2}
[0,−α) if σ′′ = 2. (12)

Theorem 2. The system of polynomials {Φl | l < Λ} is orthogonal with weight
function ̺(s) in (a, b), and Φl is a polynomial of degree l for any l < Λ.
Proof. Let l, k ∈ N with 0 ≤ l < k < Λ. From the relations
[σ(s)̺(s)Φ′l]
′ + λl̺(s)Φl = 0 and [σ(s)̺(s)Φ′k]
′ + λk̺(s)Φk = 0
we get
(λl − λk)Φl(s)Φk(s)̺(s) = d
ds
{σ(s)̺(s)[Φl(s)Φ′k(s)− Φk(s)Φ′l(s)]}.
Since the Wronskian W [Φl(s),Φk(s)] = Φl(s)Φ
′
k(s) − Φk(s)Φ′l(s) is a polynomial of at




Φl(s)Φk(s)̺(s)ds = σ(s)̺(s)W [Φl(s),Φk(s)]|ba = 0.
Each Φl is a polynomial of at most l degree and the polynomials {Φl | 0 ≤ l < Λ}
are linearly independent. This is possible only if Φl is a polynomial of degree l for any
l < Λ. 












if σ(s) = 1
L
β−1
l (−αs) if σ(s) = s
P
(−(α+β)/2−1, (−α+β)/2−1)
l (s) if σ(s)=1− s2
P
((α−β)/2−1, (α+β)/2−1)









if σ(s) = s2
ilP
((α+iβ)/2−1, (α−iβ)/2−1)
l (is) if σ(s)=s
2 + 1
(13)





n are the Hermite, Laguerre and Jacobi polynomials, respectively.
Proof. In the case σ(s) = s2 the function Φ
(α,β)
l (s) satisfies the equation
s2y′′ + (αs+ β)y′ + [−l(l − 1)− αl]y = 0.
If we denote t = β/s then the polynomial u(t) = tly(β/t) satisfies the equation
tu′′ + (−α + 2− 2l − t)u′ + lu = 0
that is, the equation whose polynomial solution is L1−α−2ll (s) (up to a multiplicative
constant). In a similar way one can analyse the other cases. 
3. Special functions of hypergeometric type








Φl + (λl − λm) d
m
dsm
Φl = 0. (14)
The equation obtained by multiplying this relation by
√
σm(s) can be written as
HmΦl,m = λlΦl,m (15)
where Hm is the differential operator




























are called the associated special functions.
Theorem 4. If 0 ≤ m ≤ l < Λ then Φl,m(s)
√
̺(s) is square integrable on (a, b).
Proof. The convergence of the integral
∫ b
a
|Φl,m(s)|2̺(s)ds follows from the restrictions
imposed to α and β (see table 1) and from the relation (12). 










Φl + (m− 1)τ ′(s) dm−1dsm−1Φl(s) + λl d
m−1
dsm−1Φl(s) = 0.
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for m ∈ {1, 2, ..., l− 1}, and(
τ(s)
κ(s)
+ 2(l − 1)κ′(s)
)
Φl,l(s) + (λl − λl−1)Φl,l−1(s) = 0 (20)
























Φl,m(s) = Φl,m+1(s). (21)

















Φl,m+1(s) = (λl − λm)Φl,m(s). (22)
for all m ∈ {0, 1, ..., l − 2}. From (20) it follows that this relation is also satisfied for
m = l − 1.










0 for l = m
Φl,m+1 for m < l < Λ













l(s) for 0 < m < l < Λ.
(25)
Theorem 5. The operators Hm are shape invariant
Hm − λm = A+mAm Hm+1 − λm = AmA+m (26)





mHm+1 AmHm = Hm+1Am. (27)
Proof. Direct computation. 
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κ(s)̺(s)ϕ(s)ψ(s) = 0 (28)
then
〈Amϕ, ψ〉 = 〈ϕ,A+mψ〉 and 〈A+mϕ, ψ〉 = 〈ϕ,Amψ〉. (29)
If the functions ϕ, ψ : (a, b) −→ R are twice derivable and if
lims→a κ(s)̺(s) (Amϕ)(s)ψ(s) = lims→b κ(s)̺(s) (Amϕ)(s)ψ(s) = 0
lims→a κ(s)̺(s)ϕ(s)(Amψ)(s) = lims→b κ(s)̺(s)ϕ(s)(Amψ)(s) = 0
(30)
then
〈Hmϕ, ψ〉 = 〈ϕ,Hmψ〉. (31)




















and 〈Hmϕ, ψ〉=〈(A+mAm+λm)ϕ, ψ〉=〈Amϕ,Amψ〉+〈ϕ, λmψ〉=〈ϕ,Hmψ〉. 
Theorem 6. For each m < Λ, the functions Φl,m with m ≤ l < Λ are orthogonal with
weight function ̺(s) in (a, b).






for l, k∈N with m≤ l<Λ and m≤k<Λ . Therefore, we can use lemma 1 and obtain
(λl − λk)〈Φl,m,Φk,m〉 = 〈HmΦl,m,Φk,m〉 − 〈Φl,m, HmΦk,m〉 = 0. 
Theorem 7. If 0≤ m < l<Λ then ||Φl,m+1||=
√
λl−λm ||Φl,m||.
Proof. Since lims→a κ(s)̺(s)Φl,m(s)Φl,m+1(s)= lims→b κ(s)̺(s)Φl,m(s)Φl,m+1(s) = 0 we
get
||Φl,m+1||2=〈AmΦl,m,Φl,m+1〉=〈Φl,m, A+mΦl,m+1〉=(λl−λm)||Φl,m||2. 
The normalized associated special functions




0 for l = m√
λl − λm φl,m+1 for m < l < Λ
A+m φl,m+1 =
√












Gazeau-Klauder type coherent states for hypergeometric type operators 8
4. Shape invariant operators related to Hm
Some additional shape invariant operators directly related to Hm can be obtained in the
cases when α and β are such that there exists k ∈ R with ̺(s) = σk(s) (see table 2).
Table 2. The cases when ̺(s) = σk(s)
σ(s) τ(s) ̺(s) k (a, b)
s β sβ−1 β − 1 (0,∞)
1− s2 αs (1− s2)−α/2−1 −α
2
− 1 (−1, 1)
s2 − 1 αs (s2 − 1)α/2−1 α
2
− 1 (1,∞)
s2 αs sα−2 α
2
− 1 (0,∞)
s2 + 1 αs (s2 + 1)α/2−1 α
2
− 1 (−∞,∞)




−mκ′(s) A+m = −κ(s) dds − (2k +m+ 1)κ′(s). (34)
Theorem 8. If α and β are such that ̺(s) = σk(s) then for any δ ∈ R the operators
A˜m = Am +
δ





2m+ 2k + 1
(35)
satisfy the relations
A˜+mA˜m = H˜m − λ˜m A˜mH˜m = H˜m+1A˜m
A˜mA˜
+
m = H˜m+1 − λ˜m H˜mA˜+m = A˜+mH˜m+1
(36)
where
H˜m = Hm − δdκ
ds
λ˜m = λm − δ
2
(2m+ 2k + 1)2
(37)
for any m ∈ R with 2m+ 2k + 1 6= 0.
Proof. Since A+mAm = Hm − λm and AmA+m = Hm+1 − λm we obtain
(A+m + ε)(Am + ε) = Hm − λm − ε(2m+ 2k + 1)κ′(s) + ε2
(Am + ε)(A
+
m + ε) = Hm+1 − λm − ε(2m+ 2k + 1)κ′(s) + ε2
















mA˜m + λ˜m) = (A˜mA˜
+
m + λ˜m)A˜m = H˜m+1A˜m. 






4δ2(2m+2β−1)−3 if σ(s) = s
(2m−α− 1) [1+4δ2(2m−α−1)−4] if σ(s)=1−s2
(2m+α−1) [−1+4δ2(2m+α−1)−4] if σ′′ = 2
(38)
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2m+2β−1 if σ(s) = s
(
√
1−s2)m e− δ arcsins2m−α−1 if σ(s)=1−s2
(
√
s2−1)m (s+√s2−1)− δ2m+α−1 if σ(s)=s2−1
sm−
δ







2m+α−1 if σ(s)= s2+1.
(39)
The set M = { m | d
dm
λ˜m > 0 and
∫ b
a
Φ˜2m,m(s)̺(s)ds < ∞ } of all the values of m for
which d
dm
λ˜m > 0 and Φ˜m,m
√
̺ is square integrable on (a, b) is presented in table 3.
Table 3. The setM of all the values of m for which d
dm







∅ for δ ≤ 0
(−β+ 1
2
,∞) for δ > 0
1− s2 αs (1+α
2
,∞) for any δ ∈ R
s2 − 1 αs
















































for δ ∈ [1
2
,∞)
s2 αs ∅ for any δ ∈ R









for any δ ∈ R
Lemma 2. If l ∈M and n ∈ N are such that {l−n, l−n+1, ..., l} ⊂ M then for each







































2l+α−1 if σ(s)= s2+1
(41)
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where cj are real constants.































2l−α−1 = − δ
2l−α−1e












s2 ∓ 1)− δ2l+α−1 =− δ
2l+α−1(s+
√
s2 ∓ 1)− δ2l+α−1

Theorem 9. If l∈M and n∈N are such that {l− n, l− n+1, ..., l}⊂M then for each
m ∈ {l − n, l − n+ 1, ..., l} the function Φ˜l,m√̺ is square integrable and
H˜mΦ˜l,m = λ˜lΦ˜l,m (42)
A˜mΦ˜l,m =
{
0 for m = l
Φ˜l,m+1 for m < l
A˜+mΦ˜l,m+1 = (λ˜l − λ˜m)Φ˜l,m for m < l.
(43)








l A˜l+ λ˜l)Φ˜l,l= λ˜lΦ˜l,l. The relation H˜mΦ˜l,m= λ˜lΦ˜l,m follows by recurrence

















Φ˜l,m+1 = Φ˜l,m+1. 
Theorem 10. If l ∈ M and n ∈ N are such that {l−n−1, l−n, ..., l} ⊂M then the
functions Φ˜m,m, Φ˜m+1,m, ... , Φ˜l,m, where m= l−n, are orthogonal.
Proof. By using (41) and lemma 1 we get
(λ˜n′ − λ˜n′′)〈Φ˜n′,m, Φ˜n′′,m〉 = 〈H˜mΦn′,m, Φ˜n′′,m〉 − 〈Φ˜n′,m, HmΦ˜n′′,m〉 = 0.
for any n′, n′′ ∈ {m,m+ 1, ..., l}. 
Theorem 11. If l ∈M and n ∈ N are such that
{l − n, l − n+ 1, ..., l} ⊂ M
then for each m ∈ {l − n, l − n + 1, ..., l − 1} we have
〈A˜mΦ˜l,m, Φ˜l,m+1〉 = 〈Φ˜l,m, A˜+mΦ˜l,m+1〉 (45)




λ˜l − λ˜m ||Φ˜l,m||. (46)
Proof. We have lims→a κ2k+1(s)Φ˜l,m(s)Φ˜l,m+1(s)= lims→b κ2k+1(s)Φ˜l,m(s)Φ˜l,m+1(s)= 0.
In view of lemma 1 we get
||Φ˜l,m+1||2=〈A˜mΦ˜l,m, Φ˜l,m+1〉=〈Φ˜l,m, A˜+mΦ˜l,m+1〉=(λ˜l−λ˜m)||Φ˜l,m||2. 
The normalized associated special functions




0 for l = m√
λ˜l − λ˜m φ˜l,m+1 for m < l
A˜+m φ˜l,m+1 =
√












5. Gazeau-Klauder coherent states
Let m < Λ be a fixed natural number, and let
Λm = Λ−m =


∞ if σ′′ ∈ {0,−2}
1−α
2
−m if σ′′ = 2. (49)
The functions
|n〉 = φm+n,m with 0 ≤ n < Λm (50)
form an orthonormal system, and satisfy the relation
(Hm − λm)|n〉 = en|n〉 (51)
where
en = λm+n − λm =


−αn if σ′′ = 0
n(n+ 2m− α− 1) if σ′′ = −2
n(1− α− 2m− n) if σ′′ = 2.
(52)
One can remark that
0 = e0 < e1 < e2 < . . . < en for any n < Λm.
By following the method presented in [8] we define the Gazeau-Klauder coherent states
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1 if n = 0
























|J, γ〉〈J, γ| dν(γ) =
∑
n<Λm
|n〉〈n| = I (55)
with dν(γ) defined by∫ ∞
−∞






. . .dγ. (56)
































tne−tdt = 1 for any n ∈ N.














n! Γ(ν + n + 1)
. (57)




x) xn−1dx = Γ(2η + n) Γ(2ξ + n)
which for x = J , η = 1
2












J) dJ = n! Γ(n + 2m− α). (58)
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for −Re ν − 1 < Reµ < 1
2
. If we use the substitutions a = 2, x =
√
J , ν = 1− α − 2m








Γ(1− α− 2m− n)
which shows that in the case σ′′ = 2 we can choose [14]
ρ(J) = Γ(1− α− 2m)Jm− 1−α2 J1−α−2m(2
√
J). 
Let m ∈M and
Λ˜m =
{ ∞ if σ(s)=s or σ(s)=1−s2
supM−m if σ(s)=s2−1 or σ(s)=s2+1
(60)
The functions
|n˜〉 = φ˜m+n,m with 0 ≤ n < Λ˜m (61)
form an orthonormal system, and satisfy the relation
(H˜m − λ˜m)|n˜〉 = e˜n|n˜〉 (62)








if σ(s) = s
n(n−2αm)(n−αm−iδ/2αm)(n−αm+iδ/2αm)





where βm = 2m+ 2β − 1, αm = 1+α2 −m and α′m = 1−α2 −m.
We define the Gazeau-Klauder coherent states








































in the case σ(s) = s,
N(J)2 =2F3
(
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in the case σ(s) = 1 − s2, and N(J)2 is a finite sum in the cases σ(s) = s2 ± 1. If
σ(s) = s then the coherent states (64) can be defined only for |J | < δ2
β2m
.
Theorem 13. If σ(s) = 1−s2 or σ(s) = s2 ± 1 then there exists a real function k(J)





|J, γ〉〈J, γ| dν(γ) =
∑
n<Λ˜m
|n˜〉〈n˜| = I (65)
with dν(γ) defined by∫ ∞
−∞






. . .dγ. (66)



























j=1 Γ(bj + s)
∏n
j=1 Γ(1− aj − s)∏q
j=m+1 Γ(1− bj − s)
∏p











Γ(b1 + s)...Γ(bq + s)
Γ(a1 + s)...Γ(ap + s)
. (68)
In order to get
∫∞
0
Jnρ(J)dJ = ρ˜n we choose [4]
ρ(J)= Γ
2(1−αm)








in the case σ(s) = 1− s2, and
ρ(J)= Γ
2(1−α′m)








in the cases σ(s) = s2 ± 1. 
6. Concluding remarks
If we use in equation HmΦl,m = λlΦl,m a change of variable (a
′, b′) −→ (a, b) : x 7→ s(x)
such that ds/dx = κ(s(x)) or ds/dx = −κ(s(x)) and define the new functions
Ψl,m(x) =
√
κ(s(x)) ̺(s(x)) Φl,m(s(x)) (69)




Ψl,m(x) + Vm(x)Ψl,m(x) = λlΨl,m(x). (70)













the functions Ψl,m(x) are square integrable (resp. orthogonal) if and only if the
corresponding functions Φl,m(s) are square integrable (resp. orthogonal).
If ds/dx = κ(s(x)) then the operators corresponding to Am and A
+
m are
Am = [κ(s)̺(s)]1/2Am[κ(s)̺(s)]−1/2|s=s(x) = ddx +Wm(x)
A+m = [κ(s)̺(s)]1/2A+m[κ(s)̺(s)]−1/2|s=s(x) = − ddx +Wm(x)
(71)
where the superpotential Wm(x) is given by the formula












+ Vm(x)− λm = A+mAm −
d2
dx2










λl − λl−1Ψl,l(x) (75)
for each l ∈ {0, 1, ..., ν} and each m ∈ {0, 1, ..., l − 1}.
If we choose the change of variable s = s(x) such that ds/dx = −κ(s(x)), then















Some very similar results can be obtained in the case of operators H˜m. The Gazeau-
Klauder systems of coherent states defined in the previous section correspond through
the considered change of variables to some systems of coherent states useful in quantum
mechanics.
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